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ENUMERATION OF VUZA CANONS 



FRANCK JEDRZEJEWSKI 



Abstract. A Vuza canon is a non periodic factorization of the finite abelian 
group Zjv • The aim of this paper is to present some new results for generating 
Vuza canons, and to give new enumerations for some values of N. 
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1. Rhythmic Canons 
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^N ■ A rhythmic canon of Zn — {0,1,2,...,A^— 1} is a factorisation of the finite 

abelian group Z^ in two subsets 5* and R such that the sum S' + i? is direct and 
equals to Z^. The set 5* is called the inner voice, and the set of offsets R is the 
outer voice. It is worthy of note that the set S can be seen as a tile of the line 
Z]s[ and we said that S tiles Z^ with R or that R tiles with S, since if {S, R) is a 

rG , rhythmic canon, also is {R,S). 

C^ ' A set A of Zpf is normalized if {0} is an element of A. A normalized factorisation 

of Z]\r is a factorisation in two normalized subsets. A set A is periodic if there exists 
a period t, < t < N such that A = A + t. Around 1948, Hajos thought that in 
a factorisation of Zjv in two factors, one of the factors had to be periodic. In fact, 
this conjecture is false, and counterexamples are precisely Vuza canons. They were 

Q>^ , introduced by D.T. Vuza under the name of "Regular Complementary Canons of 

f^ ' Maximal Category" in his seminal paper [U and arc now known as "Vuza Canons" . 



Definition 1. Let Zjv be the finite abelian group {0, 1, 2, ..., A^ — 1}, 5' and T be 



(^ \ two subsets of Zjsf. A Vuza Canon {S,R) is a rhythmic canon 



Zj\[ — S -\- R 
where neither S, nor R is periodic. 



Vh ■ In 1962, A.D. Sands [TH [T3] gave the classification of all finite abelian groups 



which are called "Hajos groups" or "good groups" [7]. The first Vuza canon appears 
for N ~ 72, and the next one occurs at A = 108, 120, 144, 168, etc. More precisely, 
we have the following result classifying good (and bad) groups. 

Theorem 2. The following propositions are equivalent: 

{i) Vuza canons only exist for periods N which are not of the form 

N^p°', p'^q, p^q^, p^qr, pqrs 

where p, q, r, s are different primes. 

(ii) Vuza canons only exist for periods N of the form 

N = nin2n^PiP2 

where pi,P2 are different primes, piUi > 2, for i = 1, 2 and gcd{nipi, 712^2) — 1- 

1 
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As shown by E. Amiot |2j, rhythmic canons are stable by duahty, affine transfor- 
mation, concatenation, zooming and stuttering. Duahty is the exchange between 
inner and outer voices. If (5, R) is a Vuza canon, then {R, S) is also a Vuza canon 
as the addition is commutative. The stability by affine transformation x ^ ax + b, 
where a is coprime with N is not obvious (see p^). However, the stability by 
concatenation states as follows. 

Theorem 3. Let k be a positive integer. 

(j) If{S,R) is a Vuza canon of Zj^, then (S + NZk, R) is a Vuza canon of Z^k- 
(a) Conversely, if{S,R) is a Vuza canon of Z^k o,nd if S is a subset of Zj^, then 
{S,Rn Zn) is a Vuza canon ofZ^. 

Proof, (i) Since (5, R) is a Vuza canon of Zjy, we have S + NZk + R — Zjy + NZ/. — 
Zjsik- Moreover, the set S + N Z^ remains non-periodic, since S is. 
(ii) The equations 

Zn — Z^N n Zn 

= {s + R)r\ZN 
= s + {RnZN) 

show that Zn is the sum of S and R n Zn , as 5 is a subset of Zn ■ This sum is 
direct since the sum 5* -|- i? is. Moreover, suppose that R D Zn is periodic. Then, 
there exists a period t, < t < N such that 

rhZn == t + {RnZN) 

= {t + R)n{t + ZN) 
= (t + R)nZN 

which implies that t is a period of R and leads to a contradiction, since R is non- 
periodic. D 

2. Constructing Vuza Canons 

In 2004 at the Mamux Seminar, I gave a solution for constructing large Vuza 
canons, depending only on the parameters ni, 71,2,71.3,^1 and p2- Let us rephrase 
this result in the following manner: 

Theorem 4. Let pi, p2 be different prime numbers, and 77,1,77,2,71,3 be positive 
integers such that the product nipi is coprime with n2P2, then the pair (S, R) defined 

by 

S = A + B 

R = {U + V' + Ki)U{U' + V + K2) 

is a Vuza canon, with: 

A = nipin^Zn^ B = n2P2ns,Zm 

U = rii7i2r7,3PiZp2 V = nin2n3P2Zp^ 

U' = n2n3Zp^ V = nin^Zp^ 

Ki^{0} K2 = {l,2,...,n3-1} 

The proof of this theorem is straightforward using the following main lemma: 

Lemma 5. Let a,b,c be positive integers such that a is coprime with c. We have 

(i) Za + aZ^, = Zab 

(a) cZa + aZbc = Zabc 
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The previous theorem has at least two generahzations. The first one consists in 
choosing the sets Ki and K2 amongst a complete set K of coset representatives for 
Zn modulo a proper non-zero subgroup H. 



Theorem 6. Let H be the subgroup H = n^Zn^p^n^pi of Zn with N ~ nin2ny,pip2, 
and K be a complete set of cosets representatives for Zn modulo H such that K = 
Ki U K2- Letpi, p2 be different prime numbers, and ni,n2,nz be positive integers 
such that nipi is coprime with n2P2, then the pair {S,R) defined by 

S = A + B 

R = {U + V' + Ki)U{U' + V + K2) 

is a Vuza canon, with: 

A = nipin3,Zn^ B = n2P2«3^ni 

U = nin2nzPiZp^ V = nin2n3P2Zp^ 

U' = an2n3Zp2 V = jSuiu^Zp^ 

and a = 1, rii or pi, and j3 — l,n2 or p2. 

Proof. Since /3 = 1 or /3 is coprime with pi , we have by the main lemma 

A + U + V' = nipin^Zn^ + nin2n3piZp^ + jinin^Zp^ 
= nipin3(Z„2 + n2Zp^) + j3nin3,Zp^ 
= nipin3Zn2P2 + Pnin^Zp^ 

= nin3{/3Zp^+piZn2P2) 
^- riin^Zj^^p^p^ 

In the same way, 

A + U + V = uipiu^Zn^ + nin2n3piZp^ + nin2n3P2Zp^ 
= nipin3(Z„2 + n2Zp^) + nin2n3P2^pi 
= nipin3Z„^p^ + nin2n3P2Zp^ 
= nin3{piZn2P2 + n2P2Zp^) 
n^ir^3^n2PiP2 
The same expression can be set for B: 

B + V + U' = n2P2«3^ni + nin2n3P2Zp^ + an2n3Zp2 

= n2P2n3{Zm + niZpJ + an2n3Zp^ 

= n2P2n3Znipi + an2n3Zp^ 

= ri2n3{p2Znipi + aZp^) 

= n2n3Znipip2 



and 



B + V + U = n2P2«3^ni + nin2n3P2Zp^ + nin2n3piZp2 

= n2P2n3{Zm + niZpJ + nin2n3piZp^ 

= n2P2n3Znipi + nin2n3piZp2 

= n2n3{p2Zn^p^ + nipiZp^) 

= n2n3Znj^p-^p2 
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Using these relations, we get 

S + R = (A + B) + {(U + V' + Ki)U{U' + V + K2)) 

= {A + B + U + V' + Ki)U(A + B + U' + V + K2) 
= {A + B + U + V + Ki)U{A + B + U + V + K2) 
= A + B + U + V+(KiUK2) 
= (A+U) + (B + V)+K 

And since 

X = A + U = nin^Zn^p^ 

Y = B + V = n2nzZnip^ 

it follows that 

and so, for any set K such that 

H + K = Zn 
the Vuza canon (S, R) is a direct sum of Z^. D 

The demonstration depends only on the formulas of the lemma. Changing the 
defintion of H leads to a new theorem. 

Theorem 7. Let H be the subgroup H = PiZn-^n2n3P2 of Zn with N — 'nin2n^PiP2, 
and K be a complete set of cosets representatives for Zn modulo H such that K = 
Ki U K2. Let pi, P2 be different prime numbers, and ni, n2, ns be positive integers 
such that riipi is relatively prime with n2P2, and nin^ is relatively prime with n2P2 

gcd{nin3,n2P2) = 1 
then the pair {S, R) defined by 

S = A + B 

R = {U + V' + Ki)U{U' + V + K2) 
is a Vuza canon, with: 

A ^ nipinzZn2 B = n2P2PiZm 

U = nin2n3piZp^ V = nipiZn^ 

U' = n2PiZp^ V = nipin2P2Zn3 

Or to its dual version: 

Theorem 8. Let H be the subgroup H = P2Znin2n3pi of Zn with N = nin2n3PiP2, 
and K be a complete set of cosets representatives for Zn modulo H such that 
K = Ki U K2. Let pi, p2 be different prime numbers, and ni, 712,113 be positive 
integers such that uipi is relatively prime with n2P2, o,nd nipi is relatively prime 

with 712^3 

gcd(nipi, 712723) = 1 
then the pair {S, R) defined by 

S = A + B 

R = {U + V' + Ki)U{U' + V + K2) 
is a Vuza canon, with: 

A = niPiP2Zn2 B = 7l2773P2.^«i 

U = nin2PiP2Zn3 y = nin2n3P2Zp^ 

U' = n2P2Zm V = nip2Zp^ 
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The second generalization of the first theorem consists in constructing the sets 
U' and V' by adding a set of elements of respectively B and A. 

Theorem 9. Let H he a proper non-zero subgroup of Zn, such that H is the direct 
sum of two subgroups X and Y of composite orders relatively prime gcd(|X| , \Y\) = 
1 . Let U be a non-zero proper subgroup of X and A a non-periodic subset such that 
X = A + U. Let V be a non-zero proper subgroup ofY, B a non-periodic subset such 
that Y = B -\-V , and K be a complete set of cosets representatives for Z^ modulo 
H such that K = Ki U i^2- Construct the set U' by replacing non-zero elements 
Uj E U by their sum with some non-zero elements of B (non necessary different) 

U' = {U\{ui, ..., M„}) U {Ui + &i, ..., Un + bn} 

and the set V' by replacing some non-zero elements Vi €z V by their sum with som,e 
non-zero elements of A 

^' = {y\{v\,...,VraY) U {«! + ai,...,Vm + a„} 
Then the pair 







S ^ 


A + B 












R = 


{U + V' + Ki)U 


{U' + V + K2) 




is a Vuza canon of Zn ■ 










Proof Since 


'b, 


eB, 










U' + B 


= 


([/\{«i,..., 


u„})U^ 


[ui + 61,... 


,Un + bn} + B 






= 


{U + B\{w 


i + B,.. 


.,w„ + B}) 


U{mi + 6i+B, 


...,Un 




= 


(U + B\{u 


i + B,.. 


■,Un + B}) 


U{wi +B,...,Ur. 


. + B] 




= 


U + B 










and since a^ 


e 


A 










V' + A 


= 


iV\{v,,...,, 


Jm})^i 


[vi +ai,.... 


,Vm +am} + A 






= 


{V + A\{vi 


+ A,... 


,v^ + A}) 


U{i;i + ai+^, . 


■•,Wm - 




= 


{V + A\{vi 


+ A,... 


,v^ + A}) 


U {vi + A,...,v„i 


+ A} 



B} 



A} 



sum S* + i? is then equals to 


S + R 


= {A + B) + i{U + V' + Ki)UiU'^ 




^ {A + B + U + V + Ki)U{A + B 




= {A + B + U + V + Ki)U(A + B- 




= A + B + U + V+{KiUK2) 




= A+B+U+V+K 




= X+Y+K 




= H + K = Zn 



-U' + V + K2 
U + V + K2) 



The two subsets A and B are supposed to be non-periodic. Since the sum X + Y 
is direct, the sum (A) + B is direct and S is non-periodic. The non-periodicity of 
R is more difficult to prove. Suppose that f is a period of R. (1) If t belongs to H, 
then t can be written uniquely t ~ x + y since the sum H = X + Y is direct. But 
if t is a period of i?, t is a period oi U' -\- V and a period oi U + V , and then x 
is a period of U' and y is a period of V. Since U' is a non-periodic set, it follows 
that X = and y = t belongs to V. In the same way, since t is a period oi U + V' 
and V' is a non-periodic set, il follows that t belongs to U. But the intersection of 
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U and V is {0}, this implies that i = 0, and then that t can not be a period of R. 
(2) Now, if t does not belong to H, t can be decomposed as a sum t = h + k, with 
h E H and k E K, since the sum H + K = Zjv is direct. From 

U + V + t = U' + V + k 

it follows that 

U + V + h = U' + V 
But U + V and U' + V are periodic and have no period in common, it follows that 
the last equation is impossible and so R is non-periodic. D 

Remarque 10. Let TZ be the set of all possible sets {U+V , U' + V}, for all U, U', V 
and V . Decomposing K as the union 

"3 

i=i 
and choosing n^, different Rj in TZ, it is easy to verify that the pair (S,R) with S 
as above and 

«3 

R^[j{R,+K,) 
is a Vuza canon. 

Knowing a Vuza Canon (S,R), new canons can be generated by applying the 
above construction to the S part. More precisely. 

Theorem 11. Let A, B, U, V, U' , V , Ki and K2 defined as above and such that the 
pair (S,R) with 

S = A + B 

R = {U + V + Ki)U{U' + V + K2) 

is a Vuza Canon. Construct the set A' by replacing non-zero elements aj E A by 
their sum with some non-zero elements of U 

A' ^ {A\{ai, ..., a„}) U {mi + ai, ..., u^ + a„} 

and the set B' by replacing some non-zero elements hi E B by their sum with some 
non-zero elements of V 

B' = (B\{bi, ..., bm}) U {i;i + 61, ..., W„ + brn} 

Then the pair (5", R) with S' = A' + B' is a Vuza canon of Zj^. 

Proof. The proof is straightforward since A' + U = A + U, and B' + V = B + V. 
Notice that elements Uj (resp. Vj) are not necessary different. D 

Theorem 12. Let A, B, U, V, U' , V, Ki and K^ defined as above and such that the 
pair (S,R) with 

S = A + B 

R = {U + V + Ki)U{U' + V + K2) 

is a Vuza Canon. Suppose that L and M are proper subgroups of K — Zn^ such that 
Z„3 = L + M is a direct sum. The pair (S", i?') with 

S" = A + B + L 

R' = (U + V + Mi)U{U' + V + M2) 
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is a Vuza canon. 

Proof. 

S' + R' = (A + B + L + U + V + Mi)U{A + B + L + U' + V + M2) 
^ A + B + L + U + V + {MiUM2) 
= H + K = Zn 

n 

Theorem 13. Let k be a positive integer. If the pair {S, R) is a Vuza canon of Zjss , 
then (S", i?') with 

S' = kS + Zk 
R' = kR 

is a Vuza canon of Z^k ■ 

Proof. By the main lemma, we have 

5" + i?/ = k{S + R) + Zk = Zk + kZN = ZNk 

3. Computing Vuza Canons 



n 



From the musical point of view, canons could be translated without changing 
their identity. If {S,R) is a canon of Z^, any translate of S tiles with the same 
R. That is why canons are identified by their prime form, that is the smallest 
circular permutation of the set of their consecutive intervals. If i? is a set of Zn, 
S — (si, S2, ..., Sn), the prime form of S is the smallest circular permutation of 

AS* = (S2 - Si, S3 - S2, ..., Sn - S„_i, Si - S„) 

The results of the previous section provide us a way for computing Vuza canons. 

(1) Determine a proper subgroup H of Zn such that H is a. direct sum of two sub- 
groups X and Y of relatively prime composite orders. For a given N = nin2n^piP2, 
where Pi,P2 are different primes, piUi > 2, for i — 1,2 and gcd(nipi,n2P2) — 1, 
there always exists at least one such subgroup 

H = n3Znipin2P2J X = nin3Zn2P2i Y ~ n2n^Zn-^p-^ 

but it could exist more than one. For example, for TV — 144, we have two solutions: 
H = 2^72 = I6Z9 + 18^8 and H = AZae = 36Z4 + I6Z9. Next, decompose iJ as a 
direct sum of X and Y, and each set as X = A + U and Y — B + V. 

(2) Compute the list of all possible sets A by theorem [TTl the list of all possible 
sets B and deduce all prime form oi S = A + B. 

(3) Compute the set of coset representatives such that Zn = H + K . UK can 
be decompose as a sum of two proper subgroups A' = L + M as in theorem [121 
compute the new orbit of Vuza canons S = A + B + L, and memorize all prime 
forms. 

(4) For a prime form S of each orbit, obtained as above or by switching ni and 
77.3, compute the prime forms of R, using the results of the previous section and 
remark [TOl 

The computation of the number of Vuza canons up to circular permutations 
leads to the following tables. The length oi S \s \S\ = nin2 and the length of R is 
\R\ = nzpip2. The results depicted in the first table are well-known. 
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N 


n-i 


Pi 


n2 


P2 


"■3 


1^1 


\R\ 


#S 


#i? 


72 


2 


2 


3 


3 


2 


6 


12 


3 


6 


108 


2 


2 


3 


3 


3 


6 


18 


3 


252 


120 


2 


2 


3 


5 


2 


6 


20 


8 


18 


— 


2 


2 


5 


3 


2 


10 


12 


16 


20 


144 


2 


2 


3 


3 


4 


6 


24 


3 


8640 


— 


2 


2 


3 


3 


4 


6 


24 


6 


36 


— 


4 


2 


3 


3 


2 


12 


12 


6 


60 


— 


4 


2 


3 


3 


2 


12 


12 


162 


12 


^ 


4 


2 


3 


3 


2 


12 


12 


324 


6 


168 


2 


2 


3 


7 


2 


6 


28 


16 


54 


- 


2 


2 


7 


3 


2 


14 


12 


104 


42 



The second table shows new results. Due to too long computing times, some 
orbits are missing. 



N 


n-i 


Pi 


n-2 


P2 


ns 


1^1 


R\ 


#^ 


#i? 


180 


2 


2 


3 


3 


5 


6 


30 


3 


77760 


— 


2 


2 


3 


5 


3 


6 


30 


8 


2052 


— 


2 


5 


3 


3 


2 


6 


30 


3 


84 


— 


2 


2 


5 


3 


3 


10 


18 


16 


1800 


— 


3 


3 


5 


2 


2 


15 


12 


9 


105 


200 


2 


2 


5 


5 


2 


10 


20 


125 


60 


216 


2 


2 


9 


3 


2 


18 


12 


575 


72 


— 


4 


2 


3 


3 


2 


12 


18 


6 


13680 


240 


4 


2 


5 


3 


2 


20 


12 


32 


200 


— 


4 


2 


3 


5 


2 


12 


20 


4100 


16 


252 


2 


2 


3 


7 


3 


6 


42 


16 


396 


— 


2 


7 


3 


3 


2 


6 


42 


9 


366 


264 


2 


2 


3 


11 


2 


6 


44 


40 


558 


270 


5 


2 


3 


3 


3 


15 


18 


9 


50400 


280 


2 


2 


5 


7 


2 


10 


28 


425 


180 


— 


2 


2 


7 


5 


2 


14 


20 


2232 


126 


300 


2 


3 


5 


5 


2 


10 


30 


104 


240 


— 


3 


2 


5 


5 


2 


15 


20 


104 


480 


324 


2 


2 


9 


3 


3 


18 


18 


729 


16848 


336 


4 


2 


3 


7 


2 


12 


28 


32 


7020 


— 


4 


2 


7 


3 


2 


28 


12 


208 


420 


392 


2 


2 


7 


7 


2 


14 


28 


16807 


378 


400 


4 


2 


5 


5 


2 


20 


20 


250 


2040 


450 


3 


3 


5 


5 


2 


15 


30 


375 


1920 



4. Conclusion 

The aim of this paper was to show how to construct Vuza canons and to compute 
their numbers for some value of N. We estabhshed new theorems helping us to 
elaborate a faster algorithm. But in many cases, the number of solutions is quite 
large, and some shortcuts have to be found. 
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